1.1 Applying Algebraic skills to Matrices and Systems of Equations
Learning basic operations with matrices

Add and subtract matrices
Multiply by a scalar

Find the transpose of a matrix
Know properties of matrix algebra
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A matrix is an array of numbers, essentially a compact table.

Example

The following tickets for the pantomime are sold:
Stalls - 10 adult and 27 child

Circle — 15 adult and 13 child

Balcony — 6 adult and 24 child

0 27
1S 13
4 24

The order of this matrix is its dimensions in terms of rows and columns e 3x2.
Matrices can be added and subtracted if their orders are the same.

Example

These tickets are also sold:
Stalls — 15 adult and 24 child
Circle — 15 adult and 15 child
Balcony — 20 adult and 10 child

Find the total of each type of ticket.

Lo 29 24 ;r fg’
’S_ 73 + 15 15 - 0
¢ 2] \wo 0 26 3%

A matrix can be multiplied by a scalar by considering repeated addition.
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The transpose of a matrix interchanges the rows and columns.
Example

(2 g ;)’ ot sometimes (i é ;‘)T= ;:)3 5‘(’
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Ex 13.1 and Ex 13.2
Algebraic Properties of Matrices

The commutative law holds under addition i.e. A+ B= B+ A

The associative law holds i.e. (A+B)+C=A+ B+ C)

Scalar multiplication is distributive over addition i.e. k(A + B) =kA + kB
(A=A

(A+B)T=A"+BT

(kA)T=KkAT




Learning to multiply matrices

o Recognise when matrices can be multiplied

o Mutliply appropriately shaped matrices

o Understand what is meant by an identity and recognise the identity matrix (for
multiplication)

o Know algebraic properties of matrices

To multiply matrices, it is necessary that the number of columns in the first matrix equals
the number of rows in the second.
The position of an element in the product gives what should be multiplied to get it:

@17 Q12 Oi3

(au y2 azs)e.g - @21 1s obtained by multiplying row 2 (in the first matrix) by column 1
Q31 Qzz Qsz

(in the second matrix).

Multiplying a 3x2 matrix and a 2x3 matrix:

a1 A by by by @11b1y + Q12by1  Quibia + @izbys  ayibyz +agsby;
z1 Qpp ( ) =| G21b11 + G33b21  Ap1biy + Anpbay  Gy1bis +aybas
by1 bz by

Q31 a3 A31b13 + A3bz1  Agibip + azpbay  agy by + agabys

The product is a 3%3 matrix.
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Identities
An identity has no effect under a given operation.

In ordinary algebra, under addition the identity is zero. a+t0=q
Under multiplication the identity is 1. axl=a

In ,matrix algebra, under addition the identity is the zero matrix e.g.
a b 0 ON_ya
(c d) + ({) O) a (c d)

Under multiplication the identity matrix, I, has ones on the leading diagonal and zeros

elsewhere. e.g. P/l 0 a b
S d) ({) 1) =:(c d

1 00
I={0 1 0) is the 3x3 identity matrix.
0 01

Algebraic Properties of Matrices

In general, the commutative law does not hold for matrix multiplication AB#BA
(AB)' = B'A’ The transpose reversal rule.

The associative law hold for matrix multiplication, A(BC) = (4B)C = ABC.

The distributive law holds. 4(B+ C) = AB + AC




Learning to find the inverse of a matrix

Know that the inverse of an operation produces the identity
Know how to find the inverse of a 2x2 matrix

Know how to find the determinant of a 2x2 matrix

Use the determinant to identify singular matrices

o0 C 0

Inverses
An inverse produces the identity under a given operation.

Under addition of real numbers the inverse of a is -a because a + (-a) = 0
Under multiplication of real numbers the inverse of a is i because ax §=1

d -b
For 2x2 matrices it can be shown that (z Z (“d__‘cbc “d;bf) - (é {1))
ad—bc ad_—bc

A x Al = I
d —-b
1
-1_|ad—bc ad—bc|_ d -b
A —C a ad—bc(—c a)

ad — bc ad — bc

The denominator of the common factor is called the determinant, detA or |A|
ie. ] d—b and ]
= ad — bc a_Yrd —b
=& D)

e Ifdet A =0 then the inverse is undefined.
* A matrix with no inverse is called singular.
¢ Ifdet A # 0 the matrix is non-singular and invertible.

Examples

L. Find the determinant and inverse of the matrix (g ,? .

A; 3 S) 0&’4_/5}: A7 - =2

7 7 - 1y

n\-2 3

il (0




X
2. By considering a matrix equation of the form AX=B ,R= (y) , prove that the

system of equations x+4y=6
2x + 8y = 10 has no solutions.

b (o 3)(e) Axee
A*/lx:{ﬁ’

X = A B
dot A= 1¥8- x2 =0
Matix A iS ﬁhgu/ﬂf_ ,4'/ s Mﬂ,&/@;ﬂ/ > X/ M@CV‘QO/
[l tta st of equaRor bos vo Sludos.

Ex 13.6 QL, 3, 4.
Ex 13.7Q1 - 12.




Learning to find the determinant of a 3x3 matrix

o} Know the meaning of the minor matrix of an element
o} Know the pattern of signs for expression for the determinant
o} Express the determinant of a 3x3 matrix as a combination of determinants of minor
matrices.
a b ¢ e f
In matrix (d e f ) the minor matrix of element q is ( / L) This is the matrix
g h i o

remaining when the row and the column containing the element a is deleted.

The determinant of a 3x3 matrix can be evaluated by combining the elements of one row
muitiplied by the determinant of their minor matrices respectively.

eg.

a e

b ¢
e f
h i

e f d f
‘“IA L-’"blg i|+’-‘

d e
g h

5

There are two other equivalent expressions using rows 2 and 3. The sign depends on the
position of the element in the original matrix:

+ +

I+ |

+ +

The expression using row 1 is often convenient e. g. application of 3x3 determinant to finding
the vector product, but row 2 or 3 might save computation if either contains zero elements.

Example
-1 0 1
Find|3 2 1
1 1 -1
- O |

| = =] ) --O—f-f}B 2)
) -
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Learning to use Gaussian Elimination to solve systems of equations

* Recognise when a system of equations has a unique solution
* Recognise redundancy and write an expression for the infinite family of solutions
* Recognise inconsistency
* [Express a system of equations as an augmented matrix
¢ Use elementary row operations to produce an uppet triangular matrix and hence solve
a system of equations
Attempt to solve: x 3 P ‘ia = 63
3x+2y=19 % bz + ¥y =
Y= s
=73

2. 3x+3y=6 f:g- 12o¢ ""\z':j: ltf— W‘ﬁy’l 2 5 /@M""’L

wrdy=8 5 pxany =24 T oton f apuntovt o
¢ =e W%//%ﬁ nony loFas ¢
m AN 2 2—oC
3. x+4y=6 —’i_-) 2 4 ’g(.j: va ﬂv ( ~ )
et 8y=10 Xy 2y 4 3y= 10

comsistont
Tt equarons ast inorsisten

o=
MO/ AM rlo :aM‘&hJ.
p260 Q1
Algebraic Equations Matrix Equation Augmented Matrix
2x+3y=21
_ 2 3y _ 21 2 3,21
xr2y=19 G 26)=05 (5 3%

Elementary row operations include:
® switching order of rows
* multiplying a row by a constant
* adding or subtracting two rows

These are all equivalent to the standard operations used to solve simultaneous equations by
elimination.




Solving the above example using elementary row operations:

2 31 2\ >3 |
(3 2 . l"l) 6,20 20 597 52,{
. 4=
£ a3 P
(4138 ) 630N o odx #7707
> =3
¢ q.'és)
o 5.1
p263 Ex 14.3

Learning to solve a 3X3 system of equations using Gaussian Elimination

e  Write down a augmented matrix
e Produce zeros at as1, 23 and a3 in that order
¢ Write down simplified algebraic equations and solve for x, y and z.

Example
A parabola passes through the points (-1, 6), (1, 2) and (3, 22) Find the equation of the

parabola,
Egnation 7!’ prodola a:ax + bz +C
| f= a —b+C
2= Aa +b +C
22= 9a #3b+C

\
..l i \ é
I Pt RL=>0n-r
3 b > ;- a1,
~1 T B
)
2 o , -k
2 -3 ' -32 ’"3“9'}"”*1
- ) ' A fS: ,SC‘_: ’-’3
ol -t
o -3 -% f2: 2b= -4
' b= -2
p265 Ex14.4
n: 4&-b+c =¢
a +2 +v = 6
A = 3




Learning to recognise redundancy and inconsistency in a 3X3 system of equations.

In each case use elementary row operations on the augmented matrix to produce an upper

triangular matrix:
(a) x+2y+2z=11 (b) x+2y+2z=11
x—y+ 3z=8 2x—y +z=8
dx—y+11z=35 3x+y + 3z=18
(2 2z 'n - (= z 'n
(v 303 6, L o= g n-e
' z’ l, l’ Z z_ l 'J
i -3 [
O "3 { “"f __3 ‘ '-,lf-
g 3V -9 /034, © !
o o -5 -3 -5 Jrg-1,
2 oz b
| X ‘ ,—3 i 7 2 ' 1)
0O -
o !0 o -5 =31 -
o O ‘

o c o! !

In (a) the row of zeros tells us that the one c¢quation is redundant, There is no unique solution

to the system but an infinite family of solutions can be obtained by writing x and y in terms of

Z.
M, -33 +2Z2 = -3 n: X +24t+22 =
Y= 2Z+3 X + 2246, 22 =1
3 3
A= L7 - 8
3

In (b) row 3 suggest that OZF = -1

- This tells us that the equations are inconsistent
and hence there are no solutions.

p 268 Ex 14.6
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Learning the effect of experimental data on systems of equations

o Calculate errors and percentage errors
o Recognise a matrix which is ill-conditioned
o Understand the implication of an ill-conditioned matrix.

Use Gaussian Elimination to solve:
11x+ 12y +3z = 44
10x+ 10y +=z=133

42x + 43y +6z = 146 vl 12 3

A \ w62 Soy 24 ) 1B¢E o 1017

. 10 19 77
10 ! ‘ 33/ Q . fod 0 0 1
b 148 ez 413 46 180

£ = 3
. \ 44

120 20 ' 440 ] s . Jo, 9% =77
wo 0243 o w19 1 77 J 104 = 20

. b
43 * TR VR Y% T
10 30 40 “ . < 4y M r24 +92 %4
jo /9 g 210 45 27 57 Ayz=v

vy =
3 Zf 10 boo 24 20 =

Suppose x = 51 and y = 50 but that these are measurements to the nearest whole number.
What is the smallest and largest value of x + y and of x — ? What is the percentage error in
each case?

Investigate the implication of the “44” in the above system of equations be1ng a measurement
to the nearest whole number.

. 2 3 ! 435 |} 3 T : by - 5
w w1 33 w0 1) 33
ke 43y 4V 14¢ 4z 43 6 ' 148
ooz 3l ess ho S e
o o 19 ST o 10 19’ 72
O o u oz o o | 98
2-8
2:2 4= =7
s 3-4 z= 9§

s =03




When a small change in any one value leads to a disproportionate change in the solution the
matrix is said to be ill-conditioned. If a system is ill-conditioned we can have no confidence
in the solution obtained.

p273 Ex 14,9




Learning to find the inverse of a matrix using elementary row operations

Steps:
¢ Write the identity matrix beside the matrix to be inverted.

* Perform the same EROs on both matrices until the original becomes the identity.
e The matrix produced is the inverse.

Example

1 2 111 0 0

(0 1 1{0 1 0)

3 3 110 0 1 1’3—3\1',
j 2+ 100

O (i IO | ©

0o 3-2-301 /v +31

it 2 1 ,! 0O -1
o | | O 10 rz =
o o 1 33!
1 Z O L -3 - r-27,
o 1| © ] 3 -2
O © | -3 3 !
T T B
o ' O 3 -2 )
&, O -3 3 )

The inverse is:

-2 | I
(g Ll
Check: -5 3 i

-2 1| oz | IO ©
3 -2 -) o 1 -l o | O
-3 2 | 33 ) o O !




Learning to use and find transformation matrices

o Find the image of a point by multiplying by the transformation matrix
o Construct a transformation matrix for a simple linear transformation

A linear transformation is one which can be described:

(x,y) = (ax + by,cx + dy) with a, b,c,d € R

If point P (x, y) has image P'(x',y") then

x" = ax + by (x’)_(ax+by)_(a b)(x

V' =cx+dy "\y'/ \cx+dy c d/\¥

Thus the position vector of P’ is obtained by pre-multiplying the position vector of P by the

.. {a b
matrx (c ds
Example
Find the image of P = (2, 3) under the transformation ((1} ; .
pl_fo :)(2)_(3) /F\j yo X
(. 3 Z P -
i R
£ - CS,Z) P “ 8 P
- DX
The #MJ-WM“@\ 5 I
. ﬁe/&Cﬁm e ’

[y (7:.2

Contructing the transformation matrix
Consider the points (1, 0) and (0, 1).
E 2E=0)

G 0=

Thus the image of (1, 0) is (a, c) and the image of (0, 1) is (5, d)




Example
Find the transformation matrix for a reflection in the y-axis.

\ﬂ - ol ba‘)
1 , (1,00 = (-, o) (o, 1)>(e
VN AAA
T e (0
vl o

* A transformation can be reversed by pre-multiplying the image by the inverse of the
transformation matrix.

* Ifapoint is its own image under a particular transformation then it is said to be
invariant.

Example

Find the invariant points under the matrix ( _01 (1))
x
1 e (x)_ ( )
o J J
- X
9 ) L7
- = X

lx = 0O
o =0
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